
Řešeńı 7. zadané úlohy - Jakub Kákona

1. Na základě fyzikálńıch proces̊u prob́ıhaj́ıćıch v obvodu sestav́ıme stavové rovnice popi-
suj́ıćı systém:

v(t) = Vc(t) + vR(t) = Vc(t) +Ric(t) = vc(t) +RC
dvc(t)

dt
(1)

Napět́ı na obou větv́ıch obvodu ale muśı být stejné, proto zároven plat́ı:

v(t) = VL(t) + vR(t) = LvL(t) +RiL(t) = L
diL(t)

dt
+RiL(t) (2)

Celkový proud obvodem pak je:

i(t) = iC(t) + iL(t) =
v(t)− vc(t)

R
+ iL(t) (3)

y(t) = i(t), (4)

u(t) = v(t), (5)

x1(t) = vC(t), (6)

x2(t) = iL(t), (7)

u(t) = x1(t) +RCẋ1(t), (8)

u(t) = Lẋ2(t) +Rx2(t), (9)

y(t) = 1
R
u(t)− 1

R
x1(t) + x2(t) (10)

(11)

Stavový popis přeṕı̌seme do maticového tvaru:

x(t) =

[
− 1
RC

0
0 −R

L

]
x(t) +

[
1
RC
1
L

]
u(t) (12)

y(t) =
[
− 1
R

1
]
x(t) +

1

R
u(t) (13)

K určeńı impulzńı odezvy potřebujeme přenos systému

H(s) = C[sI − A]−1B +D (14)

H(s) =
[
− 1
R

1
] [ s+ 1

RC
0

0 s+ R
L

]−1 [ 1
RC
1
L

]
+ 1

R
(15)

H(s) = − 1
R2C(s+RC)

+ 1
L(s+R

L
)

+ 1
R

(16)
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Z přenosu zjist́ıme impulzńı odezvu:

h(t) = L−1 {H(s)} (17)

Do popisu systému dosad́ıme předpoklad 1
RC

= R
L

T́ım źıskáme následuj́ıćı tvar stavového popisu:

x(t) =

[
−R
L

0
0 −R

L

]
x(t) +

[
R
L
1
L

]
u(t) (18)

y(t) =
[
− 1
R

1
]
x(t) +

1

R
u(t) (19)

K převodu do Kalmanova tvaru potřebujeme matici řiditelnosti a pozorovatelnosti

C = [B,AB] =

[
R
L
−R2

L2

1
L
− R
L2

]
(20)

O =

[
C
AC

]
=

[
− 1
R

1
1
L
−R
L

]
(21)

Hodnost obou matic je 1.

Urč́ıme jádro matice O.

[
− 1
R

1
1
L
−R
L

] [
a
b

]
= 0 (22)

1

R
+ b = 0 (23)

1

L
a− R

L
b = 0 (24)

b = 1 (25)

a = R (26)

Jádrem matice je proto jeden vektor ker(O) =

[
R
1

]
Nyńı můžeme sestavit transformačńı matici Q.

Q = [v1, Qn] =

[
R 1
1 0

]
(27)

Nyńı lze určit Kalmanovu formu matic

Ã = Q−1AQ =

[
0 −1
−1 R

] [
−R
L

0
0 −R

L

] [
−R
L

0
0 −R

L

]
=

[
R
L

0
0 R

L

]
(28)
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B̃ = Q−1B =

[
− 1
L

0

]
(29)

C̃ = CQ =
[

0 − 1
R

]
(30)

D̃ = D =
1

R
(31)

Vlastńı č́ısla matice Ã jsou pak dvojnásobná s hodnotou −R
L

jedno z nich je pak řiditelné
a nepozorovatelné a druhé neřiditelné a nepozorovatelné.

Přenos systému zapsaný na základě Kalmanova tvaru je:

H̃(s) = C̃[sI − Ã]−1B̃ + D̃ (32)

H̃(s) =
[

0 − 1
R

] [ s− R
L

0
0 s− R

L

]−1 [ − 1
L

0

]
+ 1

R
(33)

H̃(s) = 1
R

(34)

Impulzńı odezva pak je:

h̃(t) = L−1
{
H̃(s)

}
=

1

R
σ(t) (35)

2. Zadanou matici přeṕı̌seme do tvaru:

H(s) =
1

d(s)
N(s) =

1

s(s+ 2)

[
(s− 1)(s+ 2) 0 s(s− 2)

0 (s+ 1)(s+ 2) 0

]
(36)

Matici N(s) je třeba převést do Smithova tvaru

SN(s) =

[
ε1(s) 0 0

0 ε2(s) 0

]
(37)

Kde εi(s) = Di(s)
Di−1(s)

D0(s) = 1, D1(s) = 1, D2(s) = (s+ 1)(s+ 2) (38)

Smithova forma matice má pak tvar.

SN(s) =

[
1 0 0
0 (s+ 1)(s+ 2) 0

]
(39)

To ještě douprav́ıme na Smith-McMillanovu formu:

SMH(s) =
1

d(s)
SN(s) =

 ε1(s)
ψ1(s)

0 0

0 ε2(s)
s

0

 =

[
1

s(s+2)
0 0

0 s+1
s

0

]
(40)
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Póly H(s) zjist́ıme z kořen̊u polynomu

PH(s) = ψ1(s)ψ2(s) = s2(s+ 2). (41)

Tedy 0, 0, -2.

A nuly jsou kořeny polynomu

ZH(s) = ε1(s)ε2(s) = s+ 1. (42)

Nula proto je v -1.

3. Budeme potřebovat ”systémovou matici”

P (s) =

[
sI − A B
−C D

]
=


s− 1 −1 0 1

0 s− 1 −1 0
0 0 s− 1 0
0 0 −1 1

 (43)

Tuto matici ale potřebujeme sṕı̌se ve Smithově tvaru.

SP (s) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 (s− 1)3

 (44)

Invariantńı nuly najdeme řešeńım polynomu zIP (s) = ε1(s)ε2(s)ε3(s)ε4(s) = (s − 1)3.
Invariantńı nulou jeproto trojnásobná 1.
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